New treatment of the noncommutative Dirac equation with a Coulomb
  potential by Khodja, Lamine & Zaim, Slimane
ar
X
iv
:1
11
0.
35
32
v5
  [
ma
th-
ph
]  
3 J
ul 
20
12
New treatment of the noncommutative Dirac
equation with a Coulomb potential
Lamine Khodjaa and Slimane Zaimb
aLaboratoire de Physique The´orique, De´partement de Physique,
Universite´ A. Mira de Bjaia, Route Targa Ouzemour, Bjaia, Algeria.
b De´partement des Siences de la Matie´re, Faculte´ des Sciences,
Universite´ Hadj Lakhdar – Batna, Algeria.
Abstract
Using the approach of the modified Euler-Lagrange field equation
together with the corresponding Seiberg-Witten maps of the dy-
namical fields, a noncommutative Dirac equation with a Coulomb
potential is derived. We then find the noncommutative modification
to the energy levels and the possible new transitions. In the nonrela-
tivistic limit a general form of the hamiltonian of the hydrogen atom
is obtained, and we show that the noncommmutativy plays the role
of spin and magnetic field which gives the hyperfine structure.
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1 Introduction
The connection between string theory and the noncommutativity [1, 2, 3, 4]
motivated a large amount of work to study and understand many physical
phenomenon. There is a flurry of activity in analysing divergences [5], uni-
tarity violation [6], causality [7], and new physics at very short distances of the
Planck-length order [8].
The noncommutative field theory is characterised by the commutation rela-
tions between the noncommutative coordinates themselves; namely:
[xˆµ, xˆν ]∗ = iθ
µν , (1)
where xˆµ are the coordinate operators and θµν are the non-commutativity pa-
rameters of dimension of area that signify the smallest area in space that can
be probed in principle. The Groenewald-Moyal star product of two fields f (x)
and g (x) is given by
f (x) ∗ g (x) = exp
(
i
2
∂
xµ
∂
yν
)
f (x) g (y) |y=x (2)
The most obvious natural phenomena to use in hunting for noncommutative
effects are simple quantum mechanics systems, such as the hydrogen atom [9,
10, 11]. In the noncommutative space one expects the degeneracy of the initial
spectral line to be lifted, thus one may say that non-commutativity plays the
role of spin.
In a previous work [12], by solving the deformed Klein-Gordon equation in
canonical non-commutative space, we showed that the energy is shifted: the first
term of the energy correction is proportional to the magnetic quantum number,
which behavior is similar to the Zeeman effect as applied to a system without
spin in a magnetic field; the second term is proportional to θ2, thus we explicitly
accounted for spin effects in this space.
The purpose of this paper is to study the extension of the Dirac field in the
same context by applying the result obtained to a hydrogen atom.
This paper is organized as follows. In section 2 we propose an invariant
action of the noncommutative Dirac field in the presence of an electromag-
netic field. In section 3, using the generalised Euler-Lagrange field equation,
we derive the deformed Dirac equation. In section 4, we apply these results
to the hydrogen atom, and by the use of the perturbation theory, we solve
the deformed Dirac equation and obtain the noncommutative modification of
the energy levels. In section 5, we introduce the non-relativistic limit of the
noncommutative Dirac equation and solve it using perturbation theory and de-
duce that the non-relativistic noncommutative Dirac equation is the same as
the Schro¨dinger equation on noncommutative space. Finally, in section 5, we
draw our conclusions.
1
2 Seiberg-Witten maps
Here we look for a mapping φA → φˆA and λ→ λˆ (λ,Aµ), where φ
A = (Aµ, ψ) is
a generic field, Aµ and ψ are the gauge field and spinor respectively (the Greek
and Latin indices denote curved and tangent space-time respectively), and λ is
the U(1) gauge Lie-valued infinitesimal transformation parameter, such that:
φˆA (A) + δˆλˆφˆ
A (A) = φˆA (A+ δλA) , (3)
where δλ is the ordinary gauge transformation and δˆλˆ is a noncommutative
gauge transformation which are defined by:
δˆλˆψˆ = iλˆ ∗ ψˆ, δλψ = iλψ, (4)
δˆλˆAˆµ = ∂µλˆ+ i
[
λˆ, Aˆµ
]
∗
, δλAµ = ∂µλ. (5)
In accordance with the general method of gauge theories, in the noncom-
mutative space, using these transformations one can get at second order in
the non-commutative parameter θµν (or equivalently θ) the following Seiberg–
Witten maps [1]:
ψˆ = ψ + θψ1 +O
(
θ2
)
, (6)
λˆ = λ+ θλ1 (λ,Aµ) +O
(
θ2
)
, (7)
Aˆξ = Aξ + θA
1
ξ (Aξ) +O
(
θ2
)
, (8)
Fˆµξ = Fµξ (Aξ) + θF
1
µξ (Aξ) +O
(
θ2
)
, (9)
where
Fµν = ∂µAν − ∂νAµ. (10)
To begin, we consider an action for a non-commutative Dirac field in the
presence of an electrodynamic gauge field in a non-commutative space-time.
We can write:
S =
∫
d4x
(
ψˆ ∗
(
iγνDˆν −m
)
∗ ψˆ −
1
4
Fˆµν ∗ Fˆ
µν
)
, (11)
where the gauge covariant derivative is defined as: Dˆµψˆ =
(
∂µ + ieAˆµ
)
∗ ψˆ.
Next we use the generic-field infinitesimal transformations (4) and (5) and
the star-product tensor relations to prove that the action in eq. (11) is invariant.
By varying the scalar density under the gauge transformation and from the
generalised field equation and the Noether theorem we obtain [13]:
∂L
∂ψˆ
− ∂µ
∂L
∂
(
∂µψˆ
) + ∂µ∂ν ∂L
∂
(
∂µ∂νψˆ
) +O (θ2) = 0. (12)
2
3 Non-commutative Dirac equation
In this section we study the Dirac equation for a Coulomb interaction (−e/r) in
the free non-commutative space. This means that we will deal with solutions of
the U(1) gauge-free non-commutative field equations [14]. For this we use the
modified field equations in eq. (12) and the generic field Aˆµ so that:
δAˆµ = ∂µλˆ− ieAˆµ ∗ λˆ+ ieλˆ ∗ Aˆµ, (13)
and the free non-commutative field equation:
∂µFˆµν − ie
[
Aˆµ, Fˆµν
]
∗
= 0, (14)
where we assumed the non-commutative current to vanish everywhere in space
(r 6= 0) [14]. Using the Seiberg-Witten maps (8)–(9) and the choice (14) (static
solution), we can obtain the following deformed Coulomb potential [10]:
aˆ0 = −
e
r
−
e3
r4
θ0jxj +O
(
θ2
)
, (15)
aˆi =
e3
4 r4
θijxj +O
(
θ2
)
. (16)
Using the modified field equations in eq. (12) and the generic field ψˆ so that:
δλˆψˆ = iλˆ ∗ ψˆ, (17)
the modified Dirac equation in a non-commutative space-time in the presence
of the vector potential Aˆµ up to the first order of θ can be cast into:
(iγµ∂µ −m) ψˆ − eγ
µAˆµψˆ +
ie
2
θρσγµ∂ρAˆµ∂σψˆ = 0. (18)
3.1 Non-commutative space-space Dirac equation
For a noncommutative space-space (θ0i = 0 where i = 1, 2, 3), we do not consider
a noncommutative space-time (θ0i 6= 0 ) since several works have shown that
the theory suffers lack of unitarity. See for instance ref [6], it is easy to check
that:
iγµ∂µ −m = iγ
0∂0 + iγ
i∂i −m, (19)
−eγµAˆµ = +
e2
r
γ0 −
e4
4r4
γiθijxj , (20)
ie
2
θρσγµ∂ρAˆµ∂σ =
ie2
2r3
θijγ0xi∂j =
e2
2r3
γ0
−→
θ ·
−→
L . (21)
Notice that: θi =
1
2ǫijkθjk. Then the noncommutative Dirac equation (18) up
to O
(
θ2
)
takes the following form:[
iγ0∂0 + iγ
i∂i −m+
e2
r
γ0 −
e4
4r4
γiθijxj +
e2
2r3
γ0
−→
θ ·
−→
L
]
ψˆ (t, r, θ, ϕ) = 0.
(22)
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We can write this equation as:
Hˆψˆ (t, r, θ, ϕ) = i∂0ψˆ (t, r, θ, ϕ) . (23)
Then
Hˆ = H0 +H
θ
pert, (24)
where H0 is the relativistic hydrogen atom hamiltonian
H0 =
−→α
(
−
−→
i∇
)
+ βm−
e2
r
, (25)
and Hθpert is the leading-order perturbation
Hθpert = −
e2
2r3
−→
θ ·
−→
L +
e4
4
−→
θ ·
(
−→α ×
−→r
r4
)
. (26)
The first term of (26) which coincides with the one given in [10] describes
the interaction spin-orbit where θ plays the role of spin. The second term is
absent in ref [10] and θ here corresponds to a magnetic field.
In the above the matrices −→α and β are given by:
β =
(
I 0
0 −I
)
; αi =
(
0 σi
σi 0
)
,
where σi are the Pauli matrices:
σ1 =
(
0 1
1 0
)
; σ2 =
(
0 −i
i 0
)
; σ3 =
(
1 0
0 −1
)
.
To investigate the modification of the energy levels by (26) , we use the first-
order perturbation theory. The spectrum of H0 and the corresponding wave
functions are well known and given by (see [15, 16, 17, 18, 19, 20, 21]):
ψ (r, θ, ϕ) =
(
φ (r, θ, ϕ)
χ (r, θ, ϕ)
)
=
(
f (r) ΩjM (θ, ϕ)
g (r) ΩjM (θ, ϕ)
)
, (27)
where the bi-spinors ΩjlM (θ, ϕ) are defined by:
ΩjlM (θ, ϕ) =

 ∓
√
(j+1/2)∓(M−1/2)
2j+(1±1) Yj±1/2,M−1/2 (θ, ϕ)√
(j+1/2)±(M+1/2)
2j+(1±1) Yj±1/2,M+1/2 (θ, ϕ)

 , (28)
with the radial functions f (r) and g (r) are given as:
(
f (r)
g (r)
)
=
(ma)2
ν
√
(Eκ −mν)n!
mµ (κ − ν) Γ (n+ 2ν)
e−
1
2
xxν−1 ×
×
(
f1xL
2ν+1
n−1 (x) + f2L
2ν−1
n (x)
g1xL
2ν+1
n−1 (x) + g2L
2ν−1
n (x)
)
, (29)
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where the relativistic energy levels are given by
E = En,l =
m (n+ ν)√
α2 + (n+ ν)2
, n = 0, 1, 2... (30)
and Lαn (x) are the associated Laguerre polynomials [20], with the following
notations:
a =
1
m
√
m2 − E2, κ = ±
(
j +
1
2
)
, ν =
√
κ2 − α2, x = 2
√
m2 − E2 ,
f1 =
aα
Eκ −mν
, f2 = κ − ν, g1 =
a (κ − ν)
Eκ −mν
, g2 = e
2 = α.
3.2 Noncommutative corrections of the energy
Now to obtain the modification to the energy levels as a result of the terms (26)
due to the non-commutativity of space-space, we use perturbation theory up to
the first order. With respect the selection rules ∆l = 0 we have:
∆En,l = ∆E
(1)
n,l +∆E
(2)
n,l , (31)
where:
∆E
(1)
n,l = −
e2
2
∫ 4pi
0
dΩ
∫ ∞
0
drr−1[ψ†njlM (r, θ, ϕ)
(−→
θ ·
−→
L
)
ψnj′l′M ′ (r, θ, ϕ)]
= −
e2
2
̺
(1)
n,lΘ
(1)
n,l,M,M ′ , (32)
∆E
(2)
n,l =
e4
4
∫ 4pi
0
dΩ
∫ ∞
0
drr−1[ψ†njlM (r, θ, ϕ) [
−→α · (
−→
θ ×
−→r
r
)]ψnj′l′M ′ (r, θ, ϕ)]
=
e4
4
̺
(2)
n,lΘ
(2)
n,l,M,M ′ , (33)
where
̺
(1)
n,l =
∫ +∞
0
r−1
(
f2 + g2
)
dr, (34)
̺
(2)
n,l =
∫ +∞
0
r−1
(
f2 − g2
)
dr, (35)
Θ
(1)
n,l,,M,M ′ =
∫ 4pi
0
dΩΩ†jlM (θ, ϕ) (
−→
θ ·
−→
L )ΩjlM ′ (θ, ϕ) , (36)
Θ
(2)
n,l,,M,M ′ =
∫ 4pi
0
dΩΩ†jlM (θ, ϕ)
−→σ · (
−→
θ ×
−→r
r
)ΩjlM ′ (θ, ϕ) . (37)
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where the radial integrals are given by [21]:
̺
(1)
n,l = (ma)
3
[
3Eκ (Eκ −m)−
(
ν2 − 1
)
m2ν (4ν2 − 1) (ν2 − 1)
]
, (38)
̺
(2)
n,l =
2 (ma)
3
E
m2
m+ 2mν2 − 3Eκ
ν (4ν2 − 1) (ν2 − 1)
. (39)
The selection rules for the possible transitions between levels
(
NlMj → Nl
M ′
j
)
are ∆l = 0 and ∆M = 0,±1, whereN = n+|κ| describes the principal quantum
number. The 2P1/2 and 2P3/2 levels correspond respectively to:
(n = 1, j = 1/2,κ = 1,M = ±1/2)
and
(n = 0, j = 3/2,κ = 2,M = ±1/2,±3/2) .
The corresponding angular corrections are given by (we take θi = θδi3):
Θ
(1)
2P1/2
=
2
3
θ
(
−1 0
0 1
)
, λ
(1)
2P1/2
= ±
2
3
|θ| , (40)
Θ
(1)
2P3/2
=
1
3
θ
(
−Λ 0
0 Λ
)
, Λ =
(
3 0
0 1
)
, λ
(1)
2P3/2
= ± |θ| ,±
|θ|
3
,
(41)
Θ
(2)
2P1/2
= 0, Θ
(2)
2P3/2
= 0, (42)
where λ
(1)
2P1/2
and λ
(1)
2P3/2
are respectively the eigenvalues of the angular part.
From (32), (33), (40) and (41) we can write:
∆E2P1/2 = −
e2
2
̺
(1)
2P1/2
λ
(1)
2P1/2
= ∓6.57668× 106 |θ| (eV )
3
, (43)
∆E2P3/2 = −
e2
2
̺
(1)
2P3/2
λ
(1)
2P3/2
= 1. 578× 106
(
± |θ| ,±
1
3
|θ|
)
(eV )
3
. (44)
According to Ref. [22] the current theoretical accuracy on the 2P Lamb shift
is about 0.08 kHz. From the splitting (43), we get the bound
θ . (4GeV )
−2
and from the splitting (44), we get the bound
θ . (2GeV )−2 or θ . (1, 2GeV )−2
It is worth mentioning that the second term of the perturbation in the hamil-
tonian expression (26) does not remove the degeneracy of the energy levels be-
cause it is a non-diagonal matrix. However, for instance, the non-vanishing
matrix elements between 2S1/2 (n = 1, j = 1/2,κ = −1,M = ±1/2) and 2P1/2
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(n = 1, j = 1/2,κ = 1,M = ±1/2) states for the selection rules ∆l = 1 and
∆M = 0,±1 give the possible transition:
〈2P1/2
∣∣∣∣e44 −→θ ·
(
−→α ×
−→r
r4
)∣∣∣∣ 2S1/2〉 = e44 Θ2S1/2→2P1/2̺2S1/2→2P1/2 , (45)
where
Θ2S1/2→2P1/2 =
2
3
θ
(
1 0
0 −1
)
, (46)
and
̺2S1/2→2P1/2 =
2 (ma1)
3
E1
m2
m+ 2mν21 − 3E1κ
ν1 (4ν21 − 1) (ν
2
1 − 1)
, (47)
where
κ = 1, ν1 =
√
1− e4, a1 =
1
m
√
m2 − E21 , E1 =
m√
1 +
(
e2
1+ν1
)2 .
From (45), (46) and (47) there is an energy splitting of the levels equal to
∆E2S1/2→2P1/2 = 2
e4
4
4 (ma)
3
E1
3m2
m+ 2mν21 − 3E1
ν1 (4ν21 − 1) (ν
2
1 − 1)
|θ| ≃ α
∣∣∆E2P1/2 ∣∣ (48)
This splitting is very similar to the anomalous Zeeman effect or Stark ef-
fect at second order. Although the transition energy is small compared to the
Bohm shift ∆E2P1/2 . However is remains important in the case of treatment
of the hydrogen atom in the framework of noncommutative QCD. This term is
necessary to maintain the invariance of the modified Dirac equation under the
Seiberg-Witten maps.
4 Non-relativistic limit of NC Dirac equation
The non-relativistic limit of the noncommutative Dirac equation (23) corre-
sponds to χˆ ≪ ϕˆ [16], where, by restoring the constants c and ~, the wave
function takes the new form
ψˆ (t, r, θ, ϕ) = ψˆ′ (t, r, θ, ϕ) exp
(
(−imc2t/~
)
, (49)
then, the non-relativistic form of the expression (23) is given by the following
set of equations (
i~
∂
∂t
− eΦˆ
)
ϕˆ = c−→σ ·
(
−→p −
e
c
−→
Aˆ
)
χˆ, (50)(
i~
∂
∂t
− eΦˆ + 2mc2
)
χˆ = c−→σ ·
(
−→p −
e
c
−→
Aˆ
)
ϕˆ, (51)
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where
−→
Aˆ =
e3
4~c
(
−→
θ ×
−→r
r4
)
, Φˆ = −
(e
r
+
e
2~r3
−→
θ ·
−→
L
)
. (52)
If we consider the corrections up to the order of 1/c2, we can write the
Schrodinger equation of the bi-spinor ϕˆ as
εˆϕscnlM (t, r, θ, ϕ) = Hˆϕ
sc
nlM (t, r, θ, ϕ) , (53)
where
Hˆ =
1
2m
(
−→p −
e
c
−→
Aˆ
)2
+ eΦˆ−
p4
8m3c2
−
e~
2mc
−→σ ·
(
−→
∇ ×
−→
Aˆ
)
,
−
e~
4m2c2
−→σ ·
(−→
Eˆ ×
−→
P
)
−
e~2
8m2c2
−→
∇ ·
−→
Eˆ ,
−→
Eˆ = −
−→
∇Φˆ, (54)
and
ϕscnlM (t, r, θ, ϕ) = Rnl (r) Ωj=l± 1
2
,M (θ, ϕ) , (55)
Rnl (r) =
2
n2
√
(n− l − 1)!
a30 [(n+ l)!]
3x
le−x/2L2l+1n−l−1 (x) , x =
2r
na0
, a0 =
~
2
me2
,
(56)
Ωj=l± 1
2
,M (θ, ϕ) =

 ±
√
l±M+ 1
2
2l+1 Yl,M− 12 (θ, ϕ)√
l∓M+ 1
2
2l+1 Yl,M+ 12 (θ, ϕ)

 . (57)
The energy corresponding to θ = 0 in the Schro¨dinger equation (53) is given by
ε0n = −
(
e2
~c
)2
mc2
2n2
, n = 1, 2, 3, ... (58)
After a straightforward calculation, the equation (54) takes the form:
Hˆ =
p2
2m
−
e2
r
−
p4
8m3c2
−
e4
~mc2r4
(−→
θ ·
−→
L
)
−
e2
2~r3
(−→
θ ·
−→
L
)
+
+
e4
8mc2r4
[(
~σ · ~θ
)
−
4
r2
(~σ · −→r )
(
~θ · −→r
)]
+
e2~
4m2c2r3
[(
−→σ ·
−→
L
)
+
+
3
2~r2
[(−→
θ ·
−→
L
)(
−→σ ·
−→
L
)
+ ~ (−→σ · −→r ) .
(
~θ · −→p
)
− ~
(
−→σ · ~θ
)
. (−→r · −→p )
]]
+
+
e2~2
8m2c2
[
4πδ (r) −
(
−→
θ ·
−→
L )p2
~3r3
+
3
~2r5
[
2~(
−→
θ ·
−→
L ) −
−
(−→
θ ·
−→
L
)
(−→p · ~r)− ~r ·
(−→
θ ·
−→
L
)
· −→p
]]
+O
(
1
c3
)
. (59)
This hamiltonian is the non-relativistic limit of the one in eq. (24), and contains
new terms involving the parameter θ that are similar to the ones of the ordinary
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hyperfine splitting: we can say that the noncommutativity in this case plays
the same role as the spin interaction between the proton and the electron in the
presence of a magnetic field, which is responsible for the hyperfine splitting.
Now to obtain the modification of energy levels as a result of the non-
commutative terms in eq. (59), we use the first-order perturbation theory. The
expectation value of non-vanishing terms of the hamiltonian (59) with respect
to the solution in eq. (53) are given by ( θi = θδi3 and l 6= 0):
〈
p4
〉
= −
4m2e4
n3a20
[
1
l + 1/2
−
3
4n
]
,〈−→
θ ·
−→
L
r4
〉
= θ~mj
(
1∓
1
2l + 1
)〈
r−4
〉
, (60)
〈−→
θ ·
−→
L
r3
〉
= θ~mj
(
1∓
1
2l + 1
)〈
r−3
〉
,
〈
~σ · ~θ
r4
〉
= ±θ
2mj
2l+ 1
〈
r−4
〉
,
〈
(~σ · −→r ) (~θ · −→r ))
r6
〉
= ±θ
2mj
(2l + 1)
[
(l +mj + 1/2) (l −mj + 1/2)
(2l+ 1)
2 + (61)
+
(l +mj + 1/2± 1) (l −mj + 3/2)
(2 (l± 1) + 1)
2
] 〈
r−4
〉
,
〈
−→σ ·
−→
L
r3
〉
= ~
[
j (j + 1)− l (l + 1)−
3
4
] 〈
r−3
〉
,
〈(−→
θ ·
−→
L
)(
−→σ ·
−→
L
)
r5
〉
= θ~2mj
(
1∓
1
2l + 1
)
×
[
j (j + 1)− l (l + 1)−
3
4
] 〈
r−5
〉
,
π 〈δ (r)〉 =
(
e2m
)3
~6n3
for l = 0 and 0 for l 6= 0,
〈(−→
θ ·
−→
L
)
p2
r3
〉
= 2θme2~mj
(
1∓
1
2l+ 1
)
×
[
1
2a0n2
〈
r−3
〉
+
〈
r−4
〉]
,
〈−→
θ ·
−→
L
r5
〉
= θ~mj
(
1∓
1
2l + 1
)〈
r−5
〉
.
where we have
−→
S = ~2
−→σ , 〈Sz〉 = ±
~mj
2l+1 , 〈Lz〉 = 〈Jz − Sz〉 = ~mj
(
1∓ 12l+1
)
and the positive and negative sings correspond to j = l + 1/2 and j = l − 1/2
respectively. In the above a0 is the Bohr radius.
Finally the first-order energy correction is
∆ε (l 6= 0) = ∆ε0 +∆εθ. (62)
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The first term ∆ε0 represents the ordinary fine-structure correction and is given
by:
∆ε0 =
e4
2mc2
1
n3a20
[
1
l + 1/2
−
3
4n
]
+
e2~2
4m2c2
[
j (j + 1)− l (l + 1)−
3
4
] 〈
r−3
〉
.
(63)
The last term ∆εθ is very similar to that of the hyperfine structure correction,
where θ is now replacing spin and magnetic field, and is given by:
∆εθ =
θ
2
e2mj
{(
−1 +
e4
4~2c2
1
n2
)(
1∓
1
2l + 1
)
×
〈
r−3
〉
−
−
e2
2mc2
[(
5±
6
2l + 1
)
±
4
(2l+ 1)
[
(l+mj + 1/2) (l −mj + 1/2)
(2l + 1)
2 +
+
(l+mj + 1/2± 1) (l −mj + 3/2)
(2 (l ± 1) + 1)2
]]
×
〈
r−4
〉
+
+
3~2
4m2c2
(
1∓
1
2l+ 1
)(
j (j + 1)− l (l + 1) +
5
4
)
×
〈
r−5
〉}
. (64)
where〈
r−3
〉
=
1
a20n
3
1
l (l+ 1/2) (l + 1)
, (65)
〈
r−4
〉
=
2
a40n
3
1
(2l + 3) (2l− 1) (l + 1/2)
[
−
1
n2
+
3
l (l + 1)
]
, (66)
〈
r−5
〉
=
1
3a50n
3
1
(l + 2) (l− 1) (l + 1/2)
×
{
−
2
n2
1
l (l + 1)
+
5
(2l + 3) (l − 1/2)
[
−
1
n2
+
3
l (l+ 1)
]}
, (67)
This result shows that, in the non-commutative non-relativistic theory, the
degeneracy is completely removed and describes the correction of the fine struc-
ture of the spectrum, and corresponds to the hyperfine splitting. Thus by
comparing to the data one can get an experimental bound on the value of θ.
For the case l = 0 all terms in eq. (61) vanish except the fourth and fifth
ones. These terms give a divergence and hence we use the ΛQCD (∼ 200MeV)
cutoff (see ref [23]) and obtain the result:
〈(
(~σ · ~θ)/r4 − 4 (~σ · −→r ) (~θ · −→r )/r6
)〉
1S
=
4θ
3
α3m3ΛQCD. (68)
From equation (65) we obtain the modified energy level in noncommutative
space-space in the non-relativistic limit for the state 1S:
∆εθ =
θ
6
α5m2ΛQCD (69)
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According to Ref. [22] the current theoretical accuracy on the 1S Lamb shift
is about 14 kHz. From the splitting (68), the bound is given by
θ . (5.6GeV )
−2
(70)
This value is better than the limit obtained in [14, 23] and it justifies our
expansion of the Hamiltonian in eq (26) .
5 Conclusions
In this work we proposed an invariant noncommutative action for a Dirac parti-
cle under the generalised infinitesimal gauge transformations. Using the Seiberg-
Witten maps and the Moyal product, we generalised the equation of motion with
a noncommutative space-space and derived the modified Dirac equation for a
Coulomb potential to the first order of θ. By perturbation-theory methods in
first order, we derived the noncommutative corrections of the energy. In addition
to the hamiltonian given in [10] where the authors have used the noncommuta-
tive Bopp-shift, another term appears in the Hamiltonian which is similar to the
interaction term describing charged particles in a non-zero magnetic field. This
non-diagonal term is a vectorial potential due to the invariance of the modified
Dirac equation under the Seiberg-Witten maps. In this case the degeneracy of
energy-level states is removed and the lamb-shift is induced. The bound we
found on θ has the same order of magnitude obtained in ref. [10].
In the non-relativistic limit, we have obtained a general modified form of the
hamiltonian of the hydrogen atom with new terms involving the θ parameter.
This expression is similar to the hyperfine structure one. The expression of
the hamiltonian (in the non-relativistic limit) which describes the hyperfine
correction in the hydrogen atom imply that the noncommutativity plays the
role of the magnetic field (Zeeman effect) and the role of the spin (of the proton
or nucleon). Then the interaction electron-nucleon is equivalent to an electron in
a noncommutative space-space. In this case, the degeneracy of the energy-level
states is completely removed and the bound on θ was derived.
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